A symmetry-based approach for describing shape-coexistence, is presented in the framework of the interacting boson model of nuclei. It involves a construction of a number-conserving Hamiltonian which preserves the dynamical symmetry of selected bands associated with each shape, while breaking the symmetries in other states. The resulting structure embodies multiple partial dynamical symmetries. The procedure is applied to prolate-oblate and spherical-prolate-oblate coexistence, at and slightly away from the critical points.
II. DYNAMICAL SYMMETRIES AND NUCLEAR SHAPES IN THE IBM
The IBM has been widely used to describe quadrupole collective states in nuclei in terms of N monopole (s † ) and quadrupole (d † ) bosons, representing valence nucleon pairs. The model has U(6) as a spectrum generating algebra and its solvable limits correspond to dynamical symmetries associated with the following chains of nested sub-algebras of U(6)
A dynamical symmetry (DS) occurs when the Hamiltonian is expressed in terms of the Casimir operators of a given chain, in which case, all states are solvable and classified by the indicated quantum numbers which are the labels of irreducible representations (irreps) of the algebras in the chain. The analytic solutions corresponding to the above DS chains, with leading subalgebras: U(5), SU(3), SU(3) and SO (6) , resemble known paradigms of nuclear collective structure: spherical vibrator, prolate-, oblate-and γ-soft deformed rotors, respectively. This identification is consistent with the geometric visualization of the model, obtained by an energy surface, E N (β, γ), defined by the expectation value of the Hamiltonian in the coherent (intrinsic) state [19, 20] ,
Here (β, γ) are quadrupole shape parameters whose values, (β eq , γ eq ), at the global minimum of E N (β, γ) define the equilibrium shape for a given Hamiltonian. The equilibrium deformations associated with the DS limits conform with their geometric interpretation and are given by U(5) :
SU (3) : (β eq = √ 2, γ eq = 0) (λ, µ) = (2N, 0) ,
SU (3) : (β eq = √ 2, γ eq = π/3) (λ,μ) = (0, 2N ) ,
SO (6) : (β eq = 1, γ eq arbitrary) σ = N .
For these values, as shown, the equilibrium intrinsic state |β eq , γ eq ; N representing the ground band, becomes a lowest (or highest) weight state in a particular irrep of the leading sub-algebra in each of the chains of Eq. (1). The DS Hamiltonians support a single minimum in their energy surface, hence serve as benchmarks for the dynamics of a single quadrupole shape.
III. PARTIAL DYNAMICAL SYMMETRIES AND SHAPE COEXISTENCE
A dynamical symmetry (DS) is characterized by complete solvability and good quantum numbers for all states. Often the symmetry in question is obeyed by only selected states, e.g. members of the ground band in deformed nuclei. The need to address such situations, but still preserve important symmetry remnants, has lead to the introduction of partial dynamical symmetry (PDS) [18, 21] . The latter is a generalization of the DS concept, and corresponds to a particular symmetry breaking for which only some of the states retain solvability and/or have good quantum numbers. In the present contribution, we show that this novel symmetry notion can play a vital role in formulating algebraic benchmarks for the dynamics of multiple quadrupole shapes. We focus on the dynamics in the vicinity of the critical point, where the corresponding multiple minima in the energy surface are near-degenerate and the structure changes most rapidly.
Consider one of the DS chains of Eq. (1),
with leading sub-algebra G 1 , related basis and associated shape (β eq , γ eq ). The construction of an Hamiltonian with PDS is done by requiring it to satisfŷ
The set of zero-energy eigenstates in Eq. (5) are basis states of a particular G 1 -irrep, λ 1 = Λ 0 , and have good G 1 symmetry. For a positive-definiteĤ, they span the ground band of the equilibrium shape and can be obtained by L-projection from the corresponding intrinsic state, |β eq , γ eq ; N of Eq. (2).Ĥ itself, however, need not be invariant under G 1 and, therefore, has partial-G 1 symmetry. The Hamiltonian of Eq. (5) serves as the intrinsic part of the complete Hamiltonian,Ĥ =Ĥ +Ĥ c . Identifying the collective part (Ĥ c ) with the Casimir operators of the remaining sub-algebras of G 1 in the chain (4), the degeneracy of the above set of states is lifted, and they remain solvable eigenstates ofĤ . The latter, by definition, has G 1 -PDS and exemplifies an intrinsic-collective resolution [22] [23] [24] [25] , where the intrinsic part (Ĥ) determines the energy surface, and the collective part (Ĥ c ) is composed of kinetic rotational terms. IBM Hamiltonians with a single PDS, constructed in this manner, have been shown to be relevant to a broad range of nuclei with a single quadrupole shape [26] [27] [28] [29] [30] [31] [32] [33] [34] .
Coexistence of distinct shapes in the same nucleus, arises from competing terms in the Hamiltonian whose energy surface exhibits multiple minima, with different types of dynamics (and symmetry) associ-ated with each minimum. In such circumstances, exact DSs are broken, and remaining symmetries, if any, are at most partial. A symmetry-based approach thus requires an extension of the above procedure to encompass a construction of Hamiltonians with several distinct PDSs [35] [36] [37] [38] . For that purpose, consider two different shapes specified by equilibrium deformations (β 1 , γ 1 ) and (β 2 , γ 2 ) whose dynamics is described, respectively, by the following DS chains
with different leading sub-algebras (G 1 = G 1 ) and associated bases. At the critical point, the corresponding minima representing the two shapes and the respective ground bands are degenerate. Accordingly, we require the intrinsic critical-point Hamiltonian to satisfy simultaneously the following two conditionŝ
The states of Eq. incompatible DS-chains is treated in a similar fashion.
The solution of Eqs. (7), if exists, results in a single number-conserving, rotational-invariant Hamiltonian with, possibly, higher-order terms. The effective Hamiltonian constructed in this manner, conserves the multiple DSs but only in selected bands. This strategy is different from that used in the IBM with configuration mixing [7] [8] [9] [10] , where shape coexistence is described by different Hamiltonians for the normal and intruder configurations and a number-non-conserving mixing term. In what follows, we apply the above procedure to a case study of double-and triple coexistence of prolate-oblate and spherical-prolate-oblate shapes.
IV. PROLATE-OBLATE AND SPHERICAL-PROLATE-OBLATE SHAPE COEXISTENCE
The DS limits appropriate to prolate and oblate shapes correspond to the chains (1b) and (1c), respectively. For a given U(6) irrep N , the allowed SU ( (2) . The generators of SU (3) and SU(3), Q (2) andQ (2) , and corresponding basis states, are related by a change of
involves a linear combination of the Casimir operators in a given chain. The spectrum resembles that of an axially-deformed rotovibrator composed of SU (3) [or SU (3)] multiplets forming rotational bands, with
bands. Henceforth, we denote such prolate and oblate bands by (g 1 , β 1 , γ 1 ) and
, the SU(3) and SU(3) DS spectra are identical and the quadrupole moments of corresponding states differ in sign.
The U(5)-DS limit of Eq. (1a) is appropriate to the dynamics of a spherical shape. For a given N , the allowed U(5) and SO (5) 
Following the procedure of Eq. (7), the intrinsic part of the critical-point Hamiltonian, relevant to prolateoblate (P-O) coexistence, is required to satisfŷ
Equivalently,Ĥ annihilates the intrinsic states of Eq. (2), with (β = √ 2, γ = 0) and (β = − √ 2, γ = 0), which are the lowest-and highest-weight vectors in the irreps (2N, 0) and (0, 2N ) of SU(3) and SU(3), respectively. The resulting Hamiltonian is found to be [37] ,
where
µ ,G 3,µ = (−1) µ G 3,−µ and the centered dot denotes a scalar product. The corresponding energy surface, E N (β, γ) = N (N − 1)(N − 2)Ẽ(β, γ), is given bỹ
The surface is an even function of β and Γ = cos 3γ, and can be transcribed asẼ(β, γ) = z 0 + (1 +
always an extremum, which is a local minimum (maximum) for
] and a local maximum at
The saddle points, when exist, support a barrier separating the various minima, as seen in Fig. 1 . For large N , the normal modes involve β and γ vibrations about the respective deformed minima, with frequencies
For h 0 = 0, also β = 0 becomes a global minimum, resulting in three degenerate minima corresponding to coexistence of prolate, oblate and spherical (S-P-O) shapes.Ĥ(h 0 = 0) satisfies Eq. (8) and has also the following U(5) basis stateĤ
as an eigenstate. Equivalently, it annihilates the intrinsic state of Eq. (2), with β = 0. The additional normal modes involve quadrupole vibrations about the spherical minimum, with frequency
The members of the prolate and oblate ground-bands, Eq. bands, eigenstates ofĤ (14) with parameters as in Fig. 1(c) , resulting in prolate-oblate (P-O) shape coexistence.
Shown are probabilities larger than 5%. Fig. 2 , but now states of the prolate (g 1 , β 1 , γ 1 ) bands are expanded in the SU(3) basis, while states of the oblate (g 2 , β 2 , γ 2 ) bands are expanded in the SU(3) basis. Shown are probabilities larger than 6%.
FIG. 3: (Color online). As in
of states with good SU(3) symmetry, a subset of states with good SU(3) symmetry and all other states are mixed with respect to both SU(3) and SU(3). These are precisely the defining ingredients of SU(3)-PDS coexisting with SU(3)-PDS. The two persisting symmetries are incompatible, as is evident from Fig. 3, where the same prolate (g 1 , β 1 , γ 1 ) bands are expanded in the SU(3) basis, while the oblate (g 2 , β 2 , γ 2 ) bands are expanded in the SU(3) basis. All states, including the solvable ones, are seen to be strongly mixed and highly fragmented among many irreps.
In the case of triple S-P-O coexistence, the prolate and oblate bands show similar behaviour. A new aspect is the simultaneous occurrence in the spectrum [ Fig. 1(f) ] of spherical type of states, whose wave functions are dominated by a single n d component. As shown in Fig. 4 , the lowest spherical states have Since the wave functions for the members of the g 1 and g 2 bands are known, one can derive analytic expressions for their quadrupole moments and E2 transition rates. Considering the E2 operator T (E2) = e B Π (2) with
the quadrupole moments are found to have equal magnitudes and opposite signs,
where the minus (plus) sign corresponds to the prolate-g 1 (oblate-g 2 ) band. The B(E2) values for intraband
are the same. These properties are ensured by the fact that R s T (E2)R −1 s = −T (E2). Interband (g 2 ↔ g 1 ) E2 transitions, are extremely weak. This follows from the fact that the L-states of the g 1 and g 2 bands exhaust, respectively, the (2N, 0) and (0, 2N ) irrep of SU (3) and SU(3). T (E2) contains a (2, 2) tensor under both algebras, hence can connect the (2N, 0) irrep of g 1 only with the (2N − 4, 2) component in g 2 which, as seen in Fig. 3 , is vanishingly small. The selection rule g 1 g 2 is valid also for a more general E2
operator, obtained by including in it the operators Q (2) orQ (2) , since the latter, as generators, cannot mix different irreps of SU(3) or SU(3). By similar arguments, E0 transitions in-between the g 1 and g 2 bands are extremely weak, since the relevant operator, T (E0) ∝n d , is a combination of (0, 0) and (2, 2) tensors under both algebras. In contrast to g 1 and g 2 , excited β and γ bands are mixed, hence are connected by E2
transitions to these ground bands.
In the case of triple (S-P-O) coexistence, since T (E2) obeys the selection rule ∆n d = ±1, the spherical 
These spherical states have very weak E2 transitions to the deformed ground bands, because they exhaust 
V. DEPARTURE FROM THE CRITICAL POINT
The above discussion has focused on the dynamics in the vicinity of the critical point where the multiple minima are near degenerate. The evolution of structure away from the critical point, can be studied by varying the coupling constants or by incorporating additional terms inĤ (14) . In case of P-O coexistence,
taking larger values of α, will leave the prolate g 1 -band unchanged, but will shift the oblate g 2 -band to higher energy of order 16αN 2 /9. In case of triple S-P-O coexistence, if the spherical minimum is only local, one can useĤ (14) with parameters satisfying h 2 > 4h 0 , for which the spherical ground state In such scenarios, the lowest L = 0 state of the non-yrast configuration will exhibit retarded E2 and E0 decays, hence will have the attributes of an isomer state, as depicted schematically on the top row of Fig. 5 .
